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Abstract. We present cut and project formalism based on measures and continuous weight 
functions of sufficiently fast decay. The emerging measures are strongly almost periodic. The 
corresponding dynamical systems are compact groups and homomorphic images of the under- 
lying torus. In particular, they are strictly ergodic with pure point spectrum and continuous 
eigenfunctions. Their diffraction can be calculated explicitly. Our results cover and extend 
corresponding earlier results on dense Dirac combs and continuous weight functions with 
compact support. They also mark a clear difference in terms of factor maps between the 
case of continuous and non-continuous weight functions. 



1. Introduction 

This paper is concerned with the harmonic analysis behind certain models of aperiodic 
order. The latter is a specific form of order with long range correlations but no translation 
symmetry. It has attracted a lot of attention in the last two decades, compare the surveys 
and monographs E3 EHI EHH US] • 

This attention is partly due to the actual discovery of physical substances, later called 
quasicrystals, exhibiting such a form of order [441 \22\ . Their key feature is a pure point 
diffraction spectrum combined with a non-periodic structure. (In a periodic structure pure 
point diffraction results easily from a Poisson summation type formula, see jlL)ll24j for further 
ideas in this direction.) This attention is also due to the conceptual mathematical relevance 
of aperiodic order as an intermediate form of (dis)order between periodicity and random- 
ness. In fact, aperiodic order has highly distinctive and far from being understood geometric, 
combinatorial and Fourier analytic features. 

The most prominent models of aperiodic order arise from so called cut and project schemes. 
They are called model sets or harmonious sets. They were introduced and first studied by 
Meyer in |29| for purely theoretical reasons. His investigations have later been generalised 
and extended in various directions (see [M\ \'A2\ for recent surveys and 38 for a recent inverse 
spectral type result). In the physics community cut and project models have been the objects 
of choice from the very beginning of theoretical investigation of quasicrystals [2Sj . 

In the study of aperiodic order and diffraction the use of dynamical systems has a long 
history going back to |37j (see [2U1 H21 E3 EH] as well). Recently two further lines of 
research have proven fruitful: These are the systematic studies of notions of almost periodicity 
an d the replacement of sets by translation bounded measures |21 l3l HOI |2"5] . 

In line with these developments the basic aim of this paper is to extend the cut and project 
formalism to measures. More precisely, specific goals of this paper are 

• to develop a cut and project scheme based on measures (instead of sets), 

• to study the dynamical systems arising from these schemes, 

• to investigate almost periodicity properties in this context. 

l 
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Our results lead to a rather complete picture with quite strong properties being valid, 
provided the weight function is smooth, i.e., continuous and sufficiently fast decaying. In 
this case, almost periodicity is present in a rather strong form and (essentially) everything 
is determined by the underling torus dynamical system. More precisely, the arising measure 
dynamical systems are factors of the torus dynamical system. They carry a group structure 
and the factor map is a group homomorphism. Diffraction can be calculated explicitly. 

In some sense our models are more regular than the "usual" cut and project schemes, where 
the weight function is the characteristic function of a Riemann integrable set. Mathematically, 
this is reflected in the almost periodicity properties of the underlying measures (as opposed to 
almost periodicity properties of averaged quantities like the autocorrelation). From the point 
of view of physics one may also argue in favour of our models: The strict cut off procedure 
in the usual model sets is highly idealised, whereas the cut off by continuous functions may 
be more realistic, at least in an averaged sense. Moreover, such models are used to analyse 
diffraction properties of random tilings |13l I18j . whose vertex sets are derived from model 
sets, see also |51 HUj. 

For special cases some of these results are already known. Hof [20] presents results on 
continuous weight functions with compact support as a tool in his study of the usual model 
sets. Richard |4flj has systematically investigated dense Dirac combs on R rf . Our results cover 
and considerably extend the corresponding results of these authors, see Section ITT1 below. 

We would like to emphasise that these results do no longer hold if the smoothness of the 
weight function is violated. More precisely, in the usual cut and project schemes, the arising 
dynamical system is neither a group nor a factor of the torus. On the contrary, the torus in 
that case is a factor of the dynamical system ^ j but not vice versa (see below Section 
113(1 . Thus, our results show in particular a change in the role of the torus system depending 
on the continuity of the weight function. 

The paper is organised as follows: In Section[2]we recall background and notation. Section 
Olpresents the cut and project schemes for measures and gives our main results. The necessary 
investigation of almost-periodicity is carried out in Section |IJ An abstract study of factors in 
our context is given in Sectional Section studies the dynamical systems arising from the 
measure cut and project schemes. After these preparations we discuss the proof of Theorem 
13.11 in Section A Weyl formula on uniform distribution is presented in Section El This is 
used to discuss the so-called Fourier Bohr coefficients and the proof of Theorem l3.3l in Section 
1101 Dense Dirac combs and other examples are studied in Section ITT1 Injectivity of the arising 
factor map is discussed in Section El Finally, in Section El we compare our results to those 
for usual model set dynamical systems. 

2. Measure dynamical systems and diffraction 

2.1. Dynamical systems. Whenever X is a cr-compact locally compact space (by which we 
mean to include the Hausdorff property), the space of continuous functions on X is denoted 
by C(X), the subspace of continuous functions with compact support by C C (X) and the space 
of continuous bounded functions by Cb(X). The latter two spaces are complete normed spaces 
when equipped with the supremum norm || • H^. 

A topological space X carries the Borel a-algebra generated by all closed subsets of X. 
By the Riesz-Markov representation theorem, the set M(X) of all complex regular Borel 
measures on X can then be identified with the dual space C C (X)* of complex valued, linear 
functionals on C C (X) which are continuous with respect to a suitable topology, see (3H1 Ch. 
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6.5] for details. In particular, we write J x f d/j, = /u(/) for / £ C C (X). The space M(X) 
carries the vague topology, i.e., the weakest topology that makes all functionals fi i— > fi((f), 
if £ C C (X), continuous. Alternatively, the vague topology arises by considering M.(X) to be 
a subset of n^eC c (A') ^> which is equipped with the product topology, via 

M(X) — > Yl C, v h-> (<p ^ v{ip)). 

The total variation of a measure n £ M(X) is denoted by |/x|. 

We will have to deal with various abelian groups. The group operation will be written 
additively as + or + if necessary to avoid misunderstandings. Now, let G be a cr-compact 
locally compact abelian (LCA) group. The Haar measure on G is denoted by txiq or dt. The 
dual group of G is denoted by G, and the pairing between a character s £ G and t £ G is 
written as (s,t). As usual the Fourier transform / of an integrable function / is defined by 

m = f G iij)f(t)dt. 

Whenever G acts on the compact space fl (which is then also Hausdorff by our convention) 
by a continuous action 

a: G x I? — ► Q , (t, uj) i— > a t (uj) , 

where G x i? carries the product topology, the pair (I?, a) is called a topological dynamical 
system over G. 

An a-invariant probability measure on Q is then called ergodic if every measurable invariant 
subset of Q has either measure zero or measure one. The dynamical system (f2, a) is called 
uniquely ergodic if there exists a unique a-invariant probability measure on I?, which then is 
ergodic by standard theory. (f2, a) is called minimal if, for all uj € f2, the G-orbit {a t to : t G 
G} is dense in Q. If (]?, a) is both uniquely ergodic and minimal, it is called strictly ergodic. 

Given an a-invariant probability measure m on £2 , we can form the Hilbert space L 2 (i7, m) 
of square integrable measurable functions on Q. This space is equipped with the inner product 

if,g) = (f,9)n ■= / /(«)s(w)dm(w). 

The action a gives rise to a unitary representation T := T Q := T^ n ' a ' m ^ of G on L 2 (f2, m) by 

T t: L\Q,m) — L 2 (f2,m), (T t f)(u) := /(a_ t w) , 

for every / <G L 2 (f2,m) and arbitrary t £ G. An / G L 2 (fi,m) is called an eigenfunction of 
T with eigenvalue s € G if T^/ = (s,t)f for every t £ G. An eigenfunction (to s, say) is 
called continuous if it has a continuous representative / with f(a_ t uj) = (s,t)f(uj), for all 
cj € 1? and t £ G. The representation T is said to have pure point spectrum if the set of 
eigenfunctions is total in L 2 (17, m). One then also says that the dynamical system (J2, a) has 
pwre point dynamical spectrum. 

Finally, we will need the notion of factor of a dynamical system. 

Definition 2.1. Let two topological dynamical systems (f2,a) and (0,(3) under the action 
of G be given. Then, (0,(3) is called a factor of (Q,a), with factor map if Q — ► is 
a continuous surjection with <P(a t (uj)) = (3 t (<P(uj)) for all uj £ Q and t £ G. 
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2.2. Measure dynamical systems. We will be concerned with dynamical systems built 
from measures. These systems will be discussed next. They have been introduced in [21 E], 
to which we refer for further details and proofs of the subsequent discussion. 

A measure v E A4(G) is called translation bounded if there exist some C > and an open 
non empty relatively compact set V in G so that 



for every t E G, where \u\ is the total variation measure of v. The set of all translation bounded 
measures satisfying is denoted by M.cy(G). The set of all translation bounded measures 
is denoted by Ai°°(G). As a subset of M(G), it carries the vague topology. Aic,v(G) is 
compact in this topology. There is an obvious action of G on M.°°(G), again denoted by a, 
given by 

a: GxM°°(G) — ► M°°(G), (t,v) a t v with (a t is)(<p) := v(S- t *<p) 

for (p E C C (G). Here, St denotes the unit point mass at t E G and the convolution u) * p 
between ip E C C (G) and u E M°°(G) is defined by 



It is not hard to see that a is continuous when restricted to a compact subset of A4°°(G). 

Definition 2.2. (17, a) is called a dynamical system on the translation bounded measures 
on G (TMDS) if 17 is a compact a-invariant subset of Mc,v{G) for some open relatively 
compact V and C > 0. 

Every translation bounded measure v gives rise to a (TMDS) (17(f), a), where 



More precisely, if v E Mc,v(G), then 17(f) C Mc,v{G). 

As usual <p E Cb{G) is called almost periodic (in the sense of Bohr) if, for every e > 0, the 
set of t E G with \\5t * f — f\\oo<e^s relatively dense in G. By standard reasoning this is 
equivalent to {St * ip : t E G} being relatively compact in in Cb(G) (see e.g. |%7|). 

Definition 2.3. A translation bounded measure v is called strongly almost periodic if v * ip 
is almost periodic (in the Bohr sense) for every ip E C C (G). 

2.3. Diffraction theory. Having introduced our models, we can now discuss some key issues 
of diffraction theory, where we follow Ej . 



Let (17, a) be a TMDS, equipped with an a-invariant measure m. Fix lo E O and let 
E C c [g) with Jip(t) dt = 1 be given. Then, 7m : C C (G) — ► C defined by 



is a positive definite measure which does not depend on ip (provided f ip{t)dt = 1). Here, 

for v E M.{G\ the measure v is defined by v{<p) := f (</?(— •)• The measure 7 m is called 
autocorrelation measure. Its Fourier transform exists and is called diffraction measure (see 
j!41 115j for definition and background on Fourier transforms on measures). This measure 
describes the outcome of actual diffraction experiments HOj. If (17, a) is ergodic, 7 m 
can be calculated via a limiting procedure [21 El HOI BU ■ More precisely, recall that the 



(1) 



v\(t + V) < C 




17(f) := {a t v : t E G}. 
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convolution fj, * v of two bounded measures \x and v on G is defined to be the measure 
fj, * v(ip) := J J ip(s + t) d/j,(s) du (t). Now, if (17, a) is uniquely ergodic 

(2) Tm = Km ^rW B „ * uT^ 

for every a; € jH Thm. 5]. Here, the limit is taken in the vague topology, UB n denotes the 
restriction of uo to B n and (B n ) is a van Hove sequence in G. This means |42| that for every 
compact K C G, 

v rn G (d K B n ) 
lim rn \ = °' 

where for arbitrary A, K C G we set 

(3) d K A:=((K + A)\A°)U((-K + (J\A)nA), 

where the bar denotes the closure of a set and the circle denotes the interior. If (17, a) is 
uniquely ergodic, we write 7 instead of 7 m . We also recall the following result from [2]. 

Theorem 2.1. Let (17, a) 6e a TMDS w't/i invariant measure m. Then, the following as- 
sertions are equivalent. 

(i) T/ie measure 7^ is a pwre poini measure. 

(ii) T fi /ias ^ure point dynamical spectrum. 

In this case, the group generated by {A € G : 7({A}) > 0} is the group of eigenvalues ofT n . 



3. Cut and project schemes for measures: Main results 

In this section, we introduce cut and project schemes and discuss our main results. 

As usual a triple (G, H, L) is called a cut-and-project scheme if G and H are locally compact 
cr-compact abelian groups and L is a lattice in G x H (i.e., a cocompact discrete subgroup) 
such that 

• the canonical projection n : G x H — * G is one-to-one between L and L := tt(G) (in 
other words, Ln({0[x H) = {(0,0)}), and 

• the image L* = 7r int (L) of the canonical projection 7r int : G x H — ► H is dense in H. 

The group H is called the internal space. Given these properties of the projections tt and 7r int , 
one can define the *-map as (.)*: L — > H via x* := (7r int o (7r|i) _1 ) (x), where (-k\l)' 1 (x) = 
7r _1 (x) n L, for all x £ L. This situation can be summarised in the following diagram. 

G GxH H 

U U U dense 

L L ► L* 

L > L* 

A cut and project scheme gives rise to a dynamical system in the following way: Define 
T := (G x H)/L. By assumption on L, T is a compact abelian group. Let 

GxH — ► T, (t, k) 1— > [t,k], 
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be the canonical quotient map. There is a canonical continuous group homomorphism 

t:G — ► T, i« [t,0]. 

The homomorphism i has dense range as L* is dense in H. It induces an action (3 of G on T 
via 

13 : G x T — ► T, ft([a, k]) := + [a, fc] = [s - *, fc]. 
The dynamical system (T, (3) will play a crucial role in our considerations. It is minimal and 
uniquely ergodic, as i has dense range. Moreover, it has pure point spectrum. More precisely, 
the dual group T gives a set of eigenf unctions, which form a complete orthonormal basis 
by Peter- Weyl theorem (see 02] for further details). Later we will also meet the canonical 
injective group homomorphism 

k: H — ► T, Iih [0,h]. 

Definition 3.1. (a) A quadruple (G,H,L,p) is called a measure cut and project scheme if 
(G,H,L) is a cut and project scheme and p is an L-invariant Borel measure on G x H . 
(b) Let (G, H, L, p) be a measure cut and project scheme. A function f : H — > C is called 
admissible if it is measurable, locally bounded and for arbitrary e > and (p £ C C (G) there 
exists a compact Q C H with 

[ \<p(t + s)f{h + fc)|(l - l Q (h + k)) d\p\(t, h) < e 

JGxH 

for every (s,k) G G x H , where 1q denotes the characteristic function of Q. 

An example of a measure cut and project scheme is given by a cut and project scheme 
(G,H,L) and p := 8^ := Y2 x pZ^ x ' ^ ^ s no ^ h- ar d to see that then every Riemann integrable 
/ : H — ► C is admissible. In this way all the "usual" cut and project schemes fall within 
measure cut and project schemes, see Section fTTI and Section El for details. 

Our focus here will be to investigate admissible functions which are continuous. However, 
some of our results will hold for arbitrary admissible functions. 

Let a measure cut and project scheme (G, H, L, p) with an admissible / be given. As shown 
in Proposition 16.31 below, the map 

(4) u f : C C {G) — C, ip » I <p(t)f(h)dp(t,h), 

JGxH 

is a translation bounded measure. Thus, we can consider its hull 

f2(u f ) := {a t (v f ) :t(=G}. 

By the discussion of the previous section, (f2(i/f), a) is then a TMDS. 

Our main results are the following three. The first deals with the dynamical system side 
of the problem, the second and third deal with diffraction. 

Theorem 3.1. Let a measure cut and project scheme (G,H,L,p) with a continuous admis- 
sible f be given and Uf be defined as in Then, the following assertions hold. 

(a) uj is strongly almost periodic. In particular, fi(vf) has a unique abelian group struc- 
ture such that G — ► Q{yj), t \—* ottVt, is a continuous group homomorphism. 

(b) (f2(vf), a) is a factor of (T, f3) with factor map p : T — ► fl(vf) given by p([s, k])((f) = 
J f(h + k)ip(s + t) dp{t, h). In fact, p is a group homomorphism. 
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(c) (i?(z/y), a) is minimal, uniquely ergodic and has pure point spectrum with continuous 
eigenf unctions. The set of eigenvalues is contained in {A o t : A € T} C G. 

Before we can state the next results, we recall the following result on disintegration |261 
Sec. 33]. Let (G, H, L, p) be a measure cut and project scheme. Let for £ = [s,h] £ T, 
the (well defined!) measure <7£ on G x H be given by e^Q?) = ^(//*) e Z^( s + + f° r 
<? € G C (G x if). Then, there exists a unique measure pj on T with 

(5) / g(s,h)dp(s,h) = a^(g) dp T (£) 

for all g E G C (G x H). In fact, (and this shows both existence and uniqueness) the measure 
pj satisfies 

Pr(b)= b([s,h])xz(s,h)dp(s,h) 
JGxH 

for b € C(T), whenever Z is a fundamental cell of L in G x H (i.e., Z is a measurable subset 
of G x H such that Z — ► T, (s, /i) i— > [s, h], is bijective.) 

Moreover, for a function / : H — > C define /(/i) := f{—h). For a measure p on G x H, 
define p by p(g) = p(g) for every g E C C {G x ii"). 

Theorem 3.2. Let a measure cut and project scheme (G,H,L,p) with a continuous admis- 
sible f be given. Then, f is integrable and in particular (/ * f)(h) exists for almost every h 
in H. For ip £ G C (G) and £ = [s,h] € T define 

^■=1 — * W\ E tt*f)(h-i*Ms-i) 

(mGxm H )(Z) ^ _ 

whenever this exists. Note that this is well defined, i.e., 7^(v?) does not depend on the chosen 
representative o/£. Then, for every ip G G C (G) and p x~p almost every (£,??), 7g_ r? (c^) exists 
and the autocorrelation 7 0/ Uf satisfies 

l(<p) = J J Jt-viv) dpr(^) dpf (77). 
If p = 5j^, then f is square integrable, (/ * f)(h) exists for every h € H and 7 = 70. 

Theorem 3.3. Let a measure cut and project scheme (G,H,L,p) with a continuous admissi- 
ble f be given and Uf be defined as in (fljl. Let 7 be the associated diffraction measure. Then, 
7 is a pure point measure supported on {A o t : A G T}. More precisely, 7 = X^Aef I c a| 2 ^Ao/, 

Ca:= 7 v T(A \ m I f{h){\0K){h)dh= lim )— ^( XB „-(H) 

for every van Hove sequence (B n ). 

4. Strongly almost periodic measures 

In this section, we show that almost periodic measures on G give rise to topological groups, 
which are dynamical systems. Much of the material of this section can is at least implicitly 
contained in the literature, particularly in |15j . However, for the convenience of the reader, 
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and as our dynamical system perspective is not the usual approach to these results, we include 
proofs. 

We start by introducing the relevant topology. For v G M.°°(G) and ip G C C (G), the 
convolution v * 92 belongs to C b (G). Let C b {G) be equipped with the supremum norm. We 
then define the strong topology T s to be the weakest topology on M°°(G) such that all maps 

M°°{G) — ►Cfc(G), u^v*<p, 

are continuous. Alternatively, we can describe this topology by considering A4°°(G) as a 
subset of n^gc c (G) Gb(G) which is equipped with the product topology via 

i:M°°(G)^ 11 C b (G), i(v):=(<p»v*(p). 

<peo c (G) 

The projection on the ip component 

H C b (G) — » C b (G), x » XlP , 
<pec c (G) 

is denoted by p^ . 

Proposition 4.1. i(M°°(G)) is closed in Y[(peC c (G) G b (G). 

Proof. Let (u n ) be a net in M°°(G) such that i{v n ) converges to x G n^eCcfG) C b {G). Then, 
v n converge in particular in the vague topology to a measure v and v*ip belongs to C b {G) for 
every ip G C C {G). Thus, v is translation bounded and it is not hard to see that i(y) = x. □ 

Lemma 4.2. Let v G A4°°(G) be given. The following assertions are equivalent: 

(i) The measure v is strongly almost periodic (i.e. v*ip is Bohr almost periodic for every 

<peC c (G)). 

(ii) {atv : t G G} is relatively compact in T s . 

(hi) The topological space Q(v) (the hull of v in the vague topology) is a topological group 
with addition + satisfying a s v + cttv = ots+tv for all s, t G G. 

Proof, (ii) => (i): Define B := {a t v : t G G} and A v := {S t * {v * if) : t G G} and C v := \. 
Then, i(B) is relatively compact by (ii) and the definition of the strong topology. A direct 
calculation shows = p^(i(B)). As p v is continuous, compactness of C v follows now from 
C ip = \ = p v (i(B)) = Pv (i(B)). 

(i) ==> (hi): For R > 0, let K(R) C C be the closed ball around the origin with radius R. 
As Q{y) is compact, there exists for each ip G C C (G) an R^ > with 

ut(<p) G K{R lf ) 

for every u) G Q{y). We can and will therefore consider Q{y) to be a compact subset of 
n^eC c (G) K{R V ). For <p G C C (G) define (p G C C (G) by ip(t) := ip(— t). As v is strongly almost 
periodic, for each (p G C C (G), the function := f * ip is almost periodic. Thus, the closure 
i?^ of {5t * : t £ G} with respect to the supremum norm || • \\oo is a compact abelian group 
(see e.g. ^1) ■ Moreover, j v : G — ► f2 v , t \—> 5t* v^, is a continuous group homomorphism. 
Then, Y\ipeC c (G) ^ ^ s an arje li an g rou P> which is compact by Tychonov's theorem. Moreover, 

j :G — > J [ f^tpi 1 1 ► (99 1 * j<p(t)), 
<peo c (G) 
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is a continuous group homomorphism. Obviously, j(G) is a subgroup of n^gc c (G) ^ n 
particular, its closure j(G) is a compact abelian group. We show that Q(y) is homeomorphic 
toj(G): 

Consider the evaluation at 

A: J | Q v — > j[ K(R ip ), (if ^ w v ) ^ ((p ^ w v (0)). 

<peC c (G) <peC c (G) 

Then, A is continuous, as each Q v is equipped with the supremum norm. A short calculation 
shows 

A o j(t) = (ip v<p(-t)) = (^h (a t i/)(<p)) = a t v. 



As A is continuous and j(G) compact, this gives 



A(j(G)) = A(j(G)) = {a t u : t e G} = Q(u). 



Thus, A maps j(G) onto Q(v). 



Claim. A is one-to-one on j(G): 

Proof of claim. As every w = (ip i-» w<p) G j(G) satisfies w v {t) = w^.-t) (0), the same holds 
for w G i(G). Thus, the evaluations at determine all coordinates and A is injective on j(G). 



These considerations show that A : j(G) — ► Q(v) is a homeomorphism. As j(G) is a 
compact abelian group, Q{v) inherits the structure of a compact abelian group as well, and 

a t v + a s v = A(j(s)) + A(j(t)) = A(j(s) + j(t)) = A(j(s + t)) = a t+a i/. 

This finishes the proof of this implication. 

(iii) (ii) : As in the proof of (h)=> (i), we define B := {a t v : t G G} and note that 
relative compactness of B is equivalent to relative compactness of i{B). 
Choose an arbitrary ip G C C {G). We have to show that the closure f2 v of 

{5 S * v * if : s G G} 

in (C&(G), || • Hoc) is compact. Then, n^eC c (G) ^<P ls compact by Tychonov's theorem, and 
relative compactness of i(B) C n<^eG c (G) f°ll° ws - 

Obviously, the function a v : Q — > C, uj i— > u * 99(0), is continuous. As .!? is a compact 
group, the map 

Q — ► C(f2),L0 1— > ^(w + •) 

is then continuous. Moreover, 

C(fl) — C b (G), 5^ (t -> b{a t u)), 

is continuous. Using a t z/ + w = attj, we infer that 

: 12 — ► Cb(G), WH(tH 0^(0*0;)), 

is continuous as composition of continuous maps. In particular, p^{Q) is compact. A direct 
calculation shows p<p(a s u) = 5 s *u*ip yielding i?^ C p^{Q), and compactness of follows. □ 
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5. Factors 

In this paper we study properties of f2(v) for suitable translation bounded measures v. 
Existence of a factor map 

(6) n : T — ► £2(v), 

with a suitable abelian compact group T will be of key importance. In this section, we provide 
abstract background to existence and use of such a factor map. 

Factors inherit basic features of their underlying dynamical systems. The following state- 
ments summarises results proved in Section 3 of [2]. 

Proposition 5.1. Sec. 3] Let (£2, a) be a topological dynamical system and let (0,f3) be 
a factor with factor map <P : f2 — > 0. For an invariant probability measure m on (£2, a), we 
define the invariant probability measure <I>(m) on by <L>(m)(g) := m(g o <P) for g € C c {0). 
The following assertions hold. 

(a) If (£2, a) is uniquely ergodic with invariant probability measure m, then (0, (3) is 
uniquely ergodic with unique invariant probability measure <P(m). 

(b) If (£2, a) has pure point dynamical spectrum when equipped with the invariant prob- 
ability measure m, (0,(3) has pure point dynamical spectrum when equipped with the 
measure <P(m). 

(c) If (£2, a) is minimal, so is (0,(3). 

(d) If (£2, a) is uniquely ergodic with pure point dynamical spectrum and all of its eigen- 
functions continuous, the same holds for (0,(3). 

We will be interested in special factors of compact groups. The relevant lemma is the 
following. 

Lemma 5.2. Let a compact abelian group T and a continuous group homomorphism i : G — > 
T with dense range be given. Let (3 be the associated action of G onT i.e. (3t(0 = f or 
£ £ T and t G G. If (f2, a) is a factor of (T, (3) with factor map \i, then there exists a unique 
topological group structure on I? such that atfi(0) + a s /x(0) = at+ s /x(0). With respect to this 
group structure \x is a group homomorphism. 

Proof. By denseness, there can be at most one group structure with 

a t n(0) + a s n(0) = a t+s n(0). 

Next, we show that 

(7) fj,(rj) = fi(p) v(p-rj) = m(0). 

Let j] = limA s (0). 

"=>:" We have -n = lim/3_ is (0) and 

H(p -r)) = lim/i(/9_ t ,p) = lima_ ts /i(/9) = lima_ ts ^(r?) = ]im p(fi- t .v) = A*(0)- 

"<=:" Set £ := p — rj. Thus, £ + r\ = p and 

fi(p) = lim/4£ + i(t s )(0)) = limp((3 ts £) = lima ts p(£) = lima tsJ u(0) = limp((3 u 0) = fi(rf). 
By continuity of p, the set 

[/:={£ G T : = p(0)} 
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is closed. Moreover, by (J7J), U is a subgroup. As G is abelian, U is normal and 

p : T/Z7 — ► 1?, p + 17 i-» 

is well defined, continuous and bijective. Thus, 17 is homeomorphic to the group T/U and 
inherits the desired group structure. □ 

Theorem 5.1. Let a compact abelian group T and a continuous group homomorphism l : 
G — > T with dense range be given. Let (3 be the associated action of G on T, i.e., /?t(£) = 
Let v be a translation bounded measure on G. Then, the following assertions are 
equivalent: 

(i) There exists a factor map p : T — > Q(v). 

(ii) The measure v is strongly almost periodic, Q(v) is a topological group satisfying a s v + 
cttv = a s+ tv and Q(u) C T, where both groups are considered as subgroups of G. 

If there exists a cut and project scheme (G,H,L) with T = (Gx H)/L, this is equivalent to 

(hi) There exists an L-invariant measure a onGxH together with a continuous disintegra- 
tion a = J H ah dh (i.e. H — > M.(G), h i— > ah, is continuous and J GxH g(s, h) da (s, h) 
Jh a h{g{'i h)) dh for every g € C C (G x H) ) and v = a^. 

Proof. iX)=> (h): As fi is a factor map, Q(y) inherits by Lemma 15.21 the structure of an 
abelian group such that /i is a group homomorphism. As fi is onto, the inclusion fi(v) C T 
follows. As Q(y) is a group, the measure v is almost periodic by Lemma 14.21 

(ii)^=^(i): Dualising the inclusion Q{u) C T gives a map T — > fl{v). This map is onto 

as Q{v) is closed as a subgroup of the discrete group T (see e.g. Corollary 4.41 in ^1])- By 
Pontryagin duality, we obtain a surjective map from T to Q{v). It is easy to see that it is a 
factor map. 

(i) (hi): For h € H define ah '■= fi([0,h]). Then, o"o = v by definition and h i— > a^ 
is continuous as /i is continuous. Moreover, a = j H ahdh is L-invariant as ai(ah+i*) = 
h + /*]) = /i([0, h]) = a h for every (1,1*) G L. 

(hi) =^ (i): Define fj,' : G X H — > A4(G) by fi'(t,h) := oa^h- Then, fj,' is continuous as 
h i— > ah is and /i'(0,0) = v. Moreover, L-invariance of a gives 



a h (g(-,h))dh = a(g) = a(g(--l,--l*))= / ai(a h+ i*)(g(-,h))dh 
h Jh 

for every g E C C (G x H) and every (1,1*) € L. As h i— ► ah is continuous, this shows 
&h = &i(&h+i*) f° r every (1,1*) G L, and L-invariance of fi' follows. □ 

Example. We show that the previous result covers the "classic" quasiperiodic functions: 
Let a cut and project scheme (G, H, L) be given with the associated canonical projection 
p : G x H — > T. Let A : T — ► R be continuous and set 

p := A o p dt x dh. 

Thus, a : G — ► R, a(t) := j4([i,0]) is quasiperiodic. 

If we now dehne ah '■= A([-,h]) dt, then <7o = adt and h i— > ah is continuous with p = 
J H ahdh. Thus, the previous theorem applies to u := a dt, and we obtain a factor map and 
group homomorphism p satisfying ©. In this sense, our results cover not only Dirac combs 
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but also quasiperiodic functions. Of course, for a quasiperiodic validity of © can also rather 
directly be shown from the definitions. 

6. A STUDY OF ADMISSIBILITY 

The aim of this section is to study admissibility. 

Proposition 6.1. Let (G,H,L,p) be a measure cut and project scheme. Then, the measure 
p is translation bounded. 

Proof. Let C be the closure of a nonempty open relatively compact set in G x H. Let D be 
a compact subset of G x H containing a fundamental domain of L. Then, by L-invariance of 
p, for arbitrary u £ G x H , there exists ant)£D with \p\(u + C) = \p\{v + C). As D + C is 
compact and p is a Borel measure, this implies 

\p\{u + C) < \p\(D + C) = const < oo 

for every u £ G x H . The proposition follows. □ 

Proposition 6.2. Let (G, H, L, p) be a measure cut and project scheme and f : H — > C be 
locally bounded and measurable. Then, the following assertions are equivalent: 

(i) The function f is admissible. 

(ii) For all e > and ip € C C (G) there exists a \ '■ H — * [0, 1] in C C (H) with 

[ \<p(t + s)f{h + fc)|(l - X (h + k))\ d\p\(t, h) < e 

JGxH 

for every s£G and k G H. 

(iii) For all e > and ip € C C {G) there exists a g € C C (H) with 

[ \<p(t + s)(f(h + k) - g{h + k))\ d\p\(t, h) < e 
JGxH 

for every s € G and k € H . 

Proof. (i)^=> (ii): By Tietze's extension theorem, there exists a % € C C {H) with 1 > \ ^ 
and % = 1 on Q. Then 1 — 1q > 1 — X^O. 

(ii) => (iii): Set g = xf ■ 

(iii) (i): Set Q := supp(g). □ 

Proposition 6.3. Let (G, H, L, p) be a measure cut and project scheme and f : H — > C be 
admissible. For every k £ H and ip G C C (G), there exists a C V >Q with 

J \<p(s + t)f(h + k)\d\p\(t,h)<C v 

for every s € G. In particular, for every (s,k) G G x H the map 

p'(s,k) :C C (G) — >C, <p^ [ f(h + k)ip(t + s)dp(t,h) 

JGxH 

is a translation bounded measure on G and so is Uf = //(0,0). 
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Proof. Choose k G H and let ip in C C (G) be given. As / is admissible, we can find a continuous 
X ■ H — > [0, 1] with compact support with f GxII \ip(s + t)f(k + h)\(l — x(h + k)) d\p\(t, h) < 1 
for every s G G. Moreover, as p is translation bounded and (t, h) \— > \ip(s + t)f{h + k)x(h + k)\ 
is bounded with compact support, there exists a C with 

/ \<p(s + *)/(/» + k) X (h + fc)| d|p|(t, h) < C. 

JGxH 

The first statement follows with C := 1 + C Translation boundedness of the measures 
fi'(s,k) now follows easily by choosing nonnegative ip which are equal to 1 on the closure of 
an arbitrary open relatively compact V. □ 

Proposition 6.4. Let (G, H, L, p) be a measure cut and project scheme and f : H — ► C be 
admissible. For every K C H compact, e > and ip € C C (G), there exists a compact Qk with 

f \f {h + k)lp{ t + s )(l - 1^(^)1 d|^|(t, h) < 6 
JGxH 

for every s € G and k £ K . 

Proof. As / is admissible, we can find x '■ H — > [0, 1] continuous with compact support with 

f + s)/(/l + fc)(l - X (h + k))\d\p\(t, h) < e 

JGxH 

for every s € G and k G H. Then, Qk ■= supp(x) — K has the desired properties. □ 

So, far our discussion of admissibility did not assume continuity of /. We will now come 
to a characterisation of admissibility for continuous /. 

Proposition 6.5. Let (G, H, L, p) be a measure cut and project scheme with metrisable H. 
Let c > and g : G x H — ► [0, oo) continuous be given with 

[ g(t + s,h)d\p\(t,h) <c 
JGxH 

for every s£G. Then, 

/ g(t + s,h + k)d\p\(t,h) < c 
JGxH 

for every (s, k) G G x H. 

Proof. As p is L-invariant, the assumption implies 

f g(t + s + l,h + t*)d\p\(t,h)<c 

JGxH 

for every s£G and every (/, /*) G L. As s is arbitrary, this implies 

/ g(t + s,h + l*)d\p\(t,h) < c 

JGxH 

for every s G G and every I* G L. As L* is dense in H by definition of a cut and project 
scheme and H is metrisable by assumption, we can find, for any k G H , a sequence (/*) in L* 
with i* — > A;. Now, the statement follows from Fatou's Lemma by continuity of g. □ 
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Proposition 6.6. Let (G, H, L, p) be a measure cut and project scheme with metrisable H . 
Let f : H — ► C be continuous. Then, f is admissible if and only if for arbitrary e > and 
if £ C C (G) there exists a compact Q C H with 



\<p(t + S )f(h)\(l-l Q (h))d\p\(t,h) <e 

GxH 



for every s € G. 



Proof. The "only if" part is immediate from the definition of admissibility. The "if" part 
follows from the previous proposition. □ 

We finish this section by discussing restrictions on / imposed by the admissibility require- 
ment. 

Proposition 6.7. Let (G,H,L, p) be a measure cut and project scheme and f : H — * C 
admissible. Then, f is integrable with respect to the Haar measure on H. 

Proof. As p is L-invariant, we can choose continuous 92 : G — ► [0, 00) and ip : H — > [0, 00) 
with compact support such that 



(8) J <p(s + t)tl>(k-h)d\p\(t,h) > 1 

for all (s, k) £ G x H. 

Set C := f ipdh. By admissibility, there exists a compact Q C H such that 



<p(t + s)\f(h + fc)|(l - XQ (h + k)) d\p\{t, h) < 1 
for all (s, k) G G x H. This gives 

J ^(k) Uv>(t + s)\f(h + k)\(l- XQ (h + k)) d\p\(t, h)J dk < C. 
Fubini's theorem and the translation invariance of the Haar measure then imply 
|/(fc)|(l - XQ (k)) ( [<p(s + t)^{k - h) d\p\{t, h)) dk < C. 



IR 

Now, the lower bound (jHJ) implies 



\f(k)\(l- XQ (k))dk<C. 

H 

Thus, f(k)(l — XQ(k)) is integrable. As / is locally bounded, fxQ is also integrable, and 
integrability of / follows. □ 

Remark. The converse of this proposition does not hold, as can be seen by choosing p := 
TlxeL ^ x an< ^ an< ^ f con ti nuous and integrable with "peaks" . More precisely, the following 
holds. 

Proposition 6.8. Let (G,H,L, p) be a measure cut and project scheme with p = 5^. Let f 
be continuous and admissible. Then, f is bounded and square integrable. 
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Proof. Let a nonnegative ip G C C (G) with <p(0) = 1 be given. As shown in Proposition 16.31 
there exists C v > with 

v{s+i)\f{n\<c v 

for every sGG. As L* is dense in H and / is continuous, we infer 

sup{|/0)| : h G H} = sup{|/(Z*)| : I G L} < C v . 

This proves boundedness of /. As / is integrable by the previous proposition, square integra- 
bility follows from boundedness. □ 

In some sense, admissibility with respect to 5^ implies admissibility with respect to any 
other L-invariant measure. 

Proposition 6.9. Let (G,H,L,p) be a measure cut and project scheme. Let f be continuous 
and admissible with respect to (G, H, L, 5^ ). Then, f is admissible with respect to (G, H, L, p). 

Proof. To simplify the notation, we write Q for 5^. As p is L-invariant, there exists a finite 
measure po supported on a fundamental domain Z of L with 

P = C * Po- 

As / is admissible with respect to for each ip G C C (G) and e > 0, there exists Q C H 
compact with 

/ \p(t + s)f(h + £01(1 - l Q (h + k)) d\(\(t, h) < e 

JGxH 

for every s G G and k G H. This gives 

/ \<p(t + s)f(h + fc)|(l - l Q {h + k)) d\p\(t, h) < 

JGxH 

[ [ \p(t + s)f(h + k)\(l-l Q (h + k))d\(\(t,h)d\p \(s,k)<\p \(Z)e 

JZ JGxH 

for every s G G and k G H, and we obtain admissibility of / with respect to p. □ 

7. Proof of Theorem 13.11 

In this section we provide a proof of Theorem 13.11 

Lemma 7.1. Let (G,H,L,p) be a measure cut and project scheme and f : H — ► C be 
admissible and continuous. The map p! : G X H — > M.°°(G) 

p(s,k) :C C (G) — ►C, p^ I' f(h + k)p(t + s)dp(t,h) 

JGxH 

defined in Proposition^^ is continuous and L-invariant, i.e., one has p'(s + k,h + k*) = 
p'(s,h) for arbitrary (s,h) G G x H and arbitrary (k,k*) G L. 

Proof. Invariance is immediate from the definitions. Continuity follows easily from an e/3- 
argument: Namely, let {(s n , k n )} be a net for which (s n , k n ) — ► (s, k) in G x H. We have to 
show 

p'{s n ,k n )(p) — > p(s, k)(p) 
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for every ip G C C (G). Let ip G C C (G) and e > be given. As {k n } converges to k, there exists 
a compact neighbourhood K of k with {k n : n > n$} C K. Therefore, by Proposition 16.41 
there exists a compact Qk in H with 

\<p{t + s)f{h + k')(l - l QK (h))\ d\p\(t, h) < e/3 

GxH 

for every s G G and k! G K. On the other hand, by continuity of / and <p and by compactness 
of Qki there obviously exists an n\ with 

(p(t + s n )f(h + k n ) - ip(t + s)f{h + k)\ lq K (h) d\p\{t, h) < e/3 

GxH 

for all n > n\. Putting this together, we infer 

\fi'(s n , k n )(ip) - f/(s, k)(ip)\ < e 
for all n > max{no,ni}. □ 

Lemma 7.2. Let (G,H,L,p) be a measure cut and project scheme and f : H — ► C be 
admissible and continuous. Then, the dynamical system (f2(vf),a) is a factor o/(T,/5) with 
factor map 

fi:T — ► n(vf), n{[s,k\) := fi'(s,k). 

Proof. By Lemma 17.11 . p! : G x H — > A4°°(G) is continuous and L-invariant. Thus, p : 
T — > Ai°°(G) is well defined and continuous. By definition, ctt(fJ,([s, k])) = p(f3t([s , k])) . 
Thus, it remains to show that 

n(y f ) = p(j). 

As p is a factor map, we have 

(9) M(A[0,0]) = a t (u([0,0])) = a t (M'(0,0)) = a t (u f ). 

By minimality of (3 we have 

T = {A([0,0]):tGG}. 
Now, continuity of p, compactness of T and (jUJ) imply 



p(T) = p({f3 t ([0, 0]):t€ G}) = {at(y f ) : t G G} = Q{v f ). 
This finishes the proof. □ 
After these preparations we are ready to prove our first main result. 

Proof of Theorem \3.1\ (a) / (b) By Lemma \l.2V (f2(vf),a) is a factor of (T,/3) with factor 
map p. Thus, by Theorem 15.11 Vf is strongly almost periodic and (Q(uf),a) carries the 
desired group structure. 

(c) As (f2(vf),a) is a factor of (T, /?), it inherits spectral properties according to Fact 15.11 
Now, (T, (3) is well known to be uniquely ergodic and minimal with pure point spectrum and 
continuous eigenfunctions (see e.g. [12]). As (f2(vf),a) is a factor of (T,/3), the eigenvalues 
of (f2(vf),a) are eigenvalues of (T,(5) as well. The eigenvalues of (T, (3) can be determined 
easily |42| . Namely, each A G T is an continuous eigenfunction to the eigenvalue A o t, and 
this is a complete set of eigenfunctions. Now, the statement on the eigenvalues follows. □ 

We finish this section with a proof of almost periodicity of Vf for / G C C {H). While this 
statement is clear from the main theorem and the abstract tools used above, it is instructive 
to give a direct proof. 
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Lemma 7.3. Let f G C C (H) be given. Then, vt is strongly almost periodic. 

Proof. Let e > and ip G C C (G) be arbitrary. We have to show that the set P of all p G G 
with 

\\S P * {Vf *(f) - Vf * (fWoo < e 

is relatively dense in G. As / G C C (H) and p is translation bounded, there exists an open 
neighbourhood V of G H with 

< E 



<p(t - s)f(h + k) dp(s, h) - cp(t- s)f(h) dp(s, h) 

GxH JgxH 
for all t G G and k G V. By L-invariance of we have 



(u f *tp)(t-£)= <p(t-£- s)f(h) dp(s, h) = <p(t- s)f(h + t) dp(s, h) 

JGxH JGxH 

for all {(.,(*) G L. Putting the last two equations together, we see that P contains all I G L 
with £* G V. As V is open, this set is relatively dense. □ 

8. Proof of Theorem IH. 21 

In this section we provide a proof of Theorem 1^.21 We need a preparatory result. 

Proposition 8.1. Let (fl,a) be a measure dynamical system with invariant measure m. For 
arbitrary (p,ip G C C (G) 



\(p(s + t)ip(s)\ d\to\(s) d\ui\(t) dm(uj) < oo. 

'QJGJG 

Proof. This follows easily from uniform translation boundedness of uj G fi. □ 

Proof of Theorem \3.°A By Proposition 1(1 7\ the function / is integrable. By Theorem \'A.1\ 
is uniquely ergodic. Denote the unique invariant measure by m. Fix u G Q{vf). 
Recall now the definition of the measure 7 = 7 m as 



j(<p) := / / / p(s + t)ip(t) dw(s) du(t) dm(u) 
J a Jg Jg 

for (p G C C (G), where if) G C C (G) is arbitrary with J ip(t) dt = 1. 

Define F on Q by F(uj) := / G J G c^(s + t)ip(t) duj(s) dui{t). By Proposition 15.11 fa), we then 
have 

7 (p)= / WM- 



Let Z be a fundamental cell of L in GxH. In order to avoid a tedious factor l/(mc x m,H){Z) 
in the subsequent discussion, we will assume without loss of generality that (mgxmg)(Z) = 1. 

Recalling fi'(s, h) = fi([s, h]) and applying the discussion before Theorem 2, to a = juq x 
rnn instead of p, we obtain 

7O) = J F(p'(r,v))d(m G x m H )(r,v). 

Unwinding the definitions then gives 

7(95) = / / ip(-t-r)\ tp(s -t)f(h + v)dp(s,h) I J(k+v)dp{t, k)d{m G xm H )(r,v). 

J Z JGxH \JGxH / 
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Note that the argument of (p does not include an r, as integration over oj contributes an r 
and integration over u contributes an — r to the argument of (p. We now use the L-invariance 
of p to obtain 



70) 



j z Y,i K f z " 1 ~ r ) G ^ + Z ' v )H k + v + 1 *) d P(t, k) \ d(m G x m H )(r, v) 



{l,l*)€L 



with G(t,v) = J GxH <p{s — t)f(h + v) dp(s, h). By L-invariance of p, we have G(t + I, 
G(t, v + I*), and we infer 



-y{<p) = / / ip(-t-r)G(t,v)f(k + v)dp(t,k)d(m G xm H )(r,v). 
JGxH Jz 

By Proposition 18.11 we can now interchange the order of integration. Carrying out the 
integration over mg(f) gives 1 = J G ip(—t — r) dmcir), by assumption on ip. The integration 
over to#(i>) yields (/ * f)(h — k). Altogether, we end up with 



7(V) = / (f*f)(h~ k)<p(s - t) dp(s, h) dp(t, k). 

JGxH \Jz / 

We now split the integration over G x H into integrations on translates of the fundamental 
cell, yielding 

7M = / / I E (f*f)( h ~ k - l *Ms " * - ) d P(s> *0 dp(t, fc). 
Z Z \(/,^)eZ / 

This is the desired formula. 

If p = 5j^, then = <5[o,o]> an d / is square integrable by Proposition 16.81 This yields the 
remaining statements. □ 

9. Weyl theorem on uniform distribution 

In this section we provide a proof of a Weyl result on uniform distribution, Theorem 19.11 
and derive two corollaries. Such a result is of independent interest (and well known for usual 
model sets). Moreover, one of the corollaries will be used later when we calculate the Fourier 
Bohr coefficients by a limiting procedure. 

Our proof is inspired by |211 133j . with one modification: we realize that the functional A 
defined below is translation invariant and hence must be a multiple of Haar measure. This 
allows us to get a grip on our rather abstract situation without more effort than the mentioned 
works. 

Various boundary and non boundary type terms have to be estimated. To do so we use 
the following proposition (see [22j for similar results as well). 

Proposition 9.1. Let V C G be a nonempty, open relatively compact set. Let C > and 
v € j\Ac,v{Gt) be arbitrary. Then, 

m G {V) 

for every relatively compact B C G. 



Proof. A direct calculation shows xb < 
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XB-v * XV- This gives 



(Fubini) = 



1 



< 



m G (V) 
1 

m G {V) 
m G (B - V) 
m G (V) 



Xv(t - s)xB-v(s)dsd\u\(t) 
XB-v(s) (^j Xv(t - s)d\v\(t)\ ds 
C. 



This finishes the proof. 



□ 



With this proposition we can easily derive the following "uniform" version of Lemma 1.1 
of |321 • More precisely, Lemma 1.1 deals with a single translation bounded measure. Here, 
we consider all of M. G y{G) simultaneously. 

Lemma 9.2. Let V C G open, nonempty and relatively compact be given. Let (B n ) be a van 
Hove sequence in G and set 

m G {B n - V) 
D := sup — — — < oo. 

ngN m G (B n ) 



(a) For every C > ; 



sup 



W\{B n ) 



<C 



D 



(G),n G N m G (B n ) m G (V) 
(b) For every C > and K C G compact 

W\(d K B n ) 



lim sup 



0. 



(c) For every C > and every tp G C C (G) 



lim sup 



" _ *vgMo, v (G) rn G (B ri 



G 



(( P *v)(t) X B n (t)dt 



G 



(p(t) dt v{B n 



Proof, (a) This is immediate from the previous proposition, 
(b) Set K := (K U {0}) - V. Then, K is compact and 

d K B — VC d K B 

for every B C G. Here, the K- boundary of a set was defined in Thus, the previous 
proposition gives 



v\(d K B) <m G (d*B) 



K , 



C 



m G (vy 

and the statement follows as (B n ) is a van Hove sequence. 

(c) A short calculation (see proof of Lemma 1.1 (c) in 42 as well) gives 



(<p*u)(t) X B n (t)dt- 

and the statement follows from (b). 



G 



<p(t)dt u(B n ) 



< 



\v(t)\dt\v\(d K B n ) 



G 



□ 
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Theorem 9.1 (Weyl Theorem). Let a measure cut and project scheme (G,H,L,p) be given. 
Let f G C C (H) be arbitrary. Then, 

lim -1_^)( XB J = 7 P J (1) I f(h)dh 

n^oo m G (B n ) (m G x m H ) T (l) J H 

uniformly in £ G T, where pj is defined in equation Q . 

Proof. Note that the map : T — ► ^^(G) depends on /. As shown in Lemma 17, II it is 
continuous. Thus, p v : T — ► C, £ i— > /J,(£)(cp), is continuous for every G C C (G). Choose 
93 G C C (G) with J G </?(s) ds = 1. Define (p by (/5(t) := (/?(— t) and note f fids = 1. 
As (T, f3) is uniquely ergodic, and (B n ) is a van Hove sequence, the limit 



lim 7TTT / XB„(t)/i v (A6 di 

n^oo m G (B n ) J G 



exists uniformly in £ G T. A short calculation shows p- v ((3tS,) = (<p * / u(£))(t), and we infer 
from part (c) of the previous lemma that the limit 

A(/) := lim 1 n(Z)(XB n ) 

»woo m G {B n ) 

exists uniformly in £ G T. Apparently, A : C C (H) — > C is a linear functional. 

We next show that A has a certain boundedness property: Choose K C H compact. 
Let V C G be open, nonempty and relatively compact. As p is translation bounded (see 
Proposition 16. 1|) , 

A := sup <^ / xv{s + t)xK{h + k) d\p\(s, h) : (t, k) G G x H \ < 00. 



Thus, f2(vf) C A^^iiyii y whenever supp/ C K. Therefore, part (a) of the previous lemma 
gives the existence of a constant Ck such that 

(10) [A(/)| <Cjc||/||oo 

for every / G C C (H) with supp/ C K. This shows that A is a measure on H. 

It is not hard to see that A(/(- — /*) = A(/) for every / G L* . As L* is dense in H, we 
infer from the continuity property (|lUj) that A(/(- — h)) = A(f) for every h G H. 

To summarise, A is a translation invariant measure on C C (H). Thus, A is a multiple of the 
Haar measure and there exists c p G C with 



A(/) = c p / f(h)dh. 

JH 



In order to determine c p , we choose a van Hove sequence (C m ) in H. Let ip G C C (H) with 
J H ip dh = 1 be given and set / m := Xc m * V 7 - Then, f m is a smoothed version of xc m an d, in 
particular, 

1 

m^oo m H (C m ) 

Consider for fixed (and large) m G N 



c p = lim — N A(/„ 



-A(/ m )=lim 7~d~\ I f m (h)xB n (s)dp(s,h). 



) n— 00 m H {C m )m G {B n ) J GxH 
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For n and m large j GxH fm(h)xB n (s) dp(s, h) is, up to a boundary term, equal to 

and mH(C m )m G (B n ) = (tug x mH){B n x C m ) is, up to a boundary term, equal to 

(m G x mff)i(l) (t n (£„ xC ra )}, 

where (1 denotes the cardinality. This easily gives the desired value of c p . □ 

Corollary 9.3. Let a measure cut and project scheme (G, H, L, p) be given. Let f : H — ► C 
be continuous and admissible. Then, 

lim — L-^OcbJ = f (1) / /(fc)dh 

uniformly in £ £ T. 

Proof. This follows by approximation. Let (5 n ) be a van Hove sequence in C Let V C be 
open, nonempty and relatively compact, and choose <p £ C C (G) with < xv < '■P- For every 
e > we can then find by admissibility & Q' <Z H compact such that 

\f(h + k)(l- X Q>(h + k)Ms + t)\ d\p\(s, h) < e 

GxH 

for all (t,k) € G x iJ. Thus, the measures 93 1— > J GxH f(h)(l — XQ'(h))f(s) dp(s,h) belong 
to A4cy(G) with arbitrarily small C, provided Q' is chosen large enough. By the explicit 
dependence on C in (a) of Lemma 19.21 we can then find Q\ C H compact with 

(11) 7TTT / \f(h)(l- XQl (h))\XB n (t)d\p\(t,h)<e 

m G (B n ) J GxH 

for all n E N. By Proposition lfi.7| we can find Q2 C H compact 

(12) t m / \f(l- X Q 2 )\dh<s. 

(m G x m H )j{l) Jh 

Set Q := Qi U Q2 and choose x £ C C (H) with xq < X- We can now write / = /% + /(l — x) 
and set !?(/) := —^(fl^O and T(/) == (mG ^% j(1) J H f (h) dh. Then 

\T?(f) - T(f)\ < \Tf(f) - If(j x )\ + \If(f x ) - T(f X )\ + \T(f X ) - T{f)\. 

Now, the first term is smaller than e by for all n, the second term goes to zero for 
n — ► 00 by Weyl's theorem. The last term is smaller than e by (|12j) . As e > is arbitrary, 
this gives the desired convergence statement. □ 

Corollary 9.4. Let a measure cut and project scheme (G,H,L,p) be given with p > 0. Let 
f : H — ► R &e Riemann integrable. Then, 

lim -4t7T M0(xbJ = ? f (1 \ m / fWdh 

n^oo m G (B n ) (m G x m H )t(l) J H 

uniformly in £ £ T. 
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Proof. Again, this follows by approximation. As / is Riemann integrable, there exists for 
every e > tp, -0 G C C (H) with 

<P < / < V' anci y — V 9 ) d/i < s. 

Now, by Weyl's theorem Corollary 19.31 the desired convergence holds for both ip and ip and 
the corollary follows easily. □ 

10. Fourier-Bohr coefficients and the proof of Theorem 13.31 

In this section we provide a proof of Theorem 13.31 Throughout, we will assume that a 
measure cut and project (G,H,L,p) and an admissible continuous f : H —> C is given. 

Lemma 10.1. Let A € T and £ G T be given. Then, the limit 

ca(0 := hm ) r ^(£)(XB n Xo7) 



exists and 



cx(0 = H0-, f (A \ m / /(/') (A ,„■)(/,) «!//. 

(m G x m#) T (l) 



Proof. This follows from a direct calculation using Weyl's Theorem. Choose £ = [s, fe] G T 
arbitrary. Using A(£) = (A o • (A o K)(k), we obtain after a short calculation 



M0(XB n A o L ) = A(£) / X B n {s + t)(X o + k)f(h + k)X([t, h]) dp(t, h). 

We can now appeal to Weyl's theorem with / A o k instead of / and A([-]) p instead of p. □ 

Lemma 10.2. Let v be a translation bounded measure on G and 7 the associated autocorre- 
lation. Let a G G be given. If 

c a = lim —- v { Xb ^) 

n->oo m G (B n ) 

exists for every van Hove sequence (B n ), then 

7(M) = M 2 . 

Proof. For G = R d , this is proven by Hof in [20] . The proof can be adapted to our more general 
situation. More precisely, as discussed in section 1273^ we have 7 = bim^oo mG ^ B ^ B n * V]f n - 
Thus, Lemma 19.21 shows that there exists C > and V C G open and relatively compact, 
with 

(13) \w\ v Bn * G Mc,v(G), for all n G N and 7 G Mc,v(G). 

m G {B n ) 

Moreover, by Theorem 11.3 of ^5], we have 

( 14 ) 7(M) = lim \-^-Tl{XB n o). 

Given (|14|) and (|13jl. we can conclude as in the proof of Theorem 3.4 of [201 • '— ' 
We can now come to the proof of Theorem 13.31 
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Proof of Theorem \3.cA By Theorem 13.11 (I?(V),a) has pure point dynamical spectrum with 
eigenvalues contained in {A o l : A G T}. Thus, Theorem 12,11 gives that 7 is a pure point 
measure which can be written in the form 

7 = ^2 W A<W 

AeT 

with suitable w\, A € T. For these w\, we obtain from Lemma ll(). II and Lemma ll().2l 

w\ = |ca(£)| 2 ) 

where the right hand side does not depend on £ G T. □ 
Remark. In the situation discussed in this section, it is possible to show that 

'woo m G (B n ) 

for all £ G T, whenever s 7^ A o t for a A G T, see [2T| . 

11. Dense Dirac combs 

In this section, we restrict to the situation of G = M. d , H = M. m and p = 5^ = X^eZ This 

setup (with L = r L d+m ) appears in |2U| by regularising characteristic functions of model set 
windows. In a more general framework, the above setup is analysed in |4L)j . Both situations 
are subsumed by our theory, as we will now show. Note that [3U| assumes a cut-and-project 
scheme with the additional assumption that L is dense in G and that the projection 7r; n t is 
one-to-one between L and L*. We will not need these assumptions. 

Our arguments rest on the following special case of Corollary 19.41 known as the density 
formula (see |41j as well) . In order to formulate it in the variant discussed in |41[ I4flj , we 
introduce the notation 

X(W) := {x G L : x* G W} 
for W C H relatively compact. Thus, the connection with the translation bounded measures 
discussed so far is given by the formula 



x 



Corollary 11.1 (Density formula). Let a cut and project scheme (G,H,L) be given. Let 
W C H be relatively compact such that \w is Riemann integrable. Then, for every van Hove 
sequence (B n ) in G, 

n^oo m G (B n ) I , ^ ) (tug x mg i 1 

uniformly in s G G and in u G H . □ 

According to Proposition 16.61 a continuous function / : K m — > C is admissible if and only 
if for arbitrary e > and ip G C c (M. d ) there exists a compact Q C M m with 

5>(s + *)/(s*)| (l-lg(s*))<e 

x£L 

for all s G M. d , where 1q denotes the characteristic function of Q. 
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Theorem 11.1. Assume a cut- and- project scheme (Mr, M m , L). Let the function f : ~R m — ► C 
be continuous, with \x\ m+a \f(x)\ < C for all x G M m , for some constants C > and a > 0. 
Then f is admissible. 

Remark. The functions / considered in [101 satisfy the more restrictive condition |x| m+1+a |/(x)| < 
C for some constants C > and a > 0. 

Proof. Let (B n ) be a van Hove sequence in M. d . For I G N, let Q/ C R m denote the compact 
cube of sidelength I centred at the origin. The density formula yields for n > uq large enough 
the estimate 

1 | < 2 m G{ B n) 
, ^ ) (m G x m#) T (l) 

\xeX(Qi+u)n(B n +s) / 

uniformly in s G M rf and in u G M. m , since mniQi) = 1. As Q2(z+i) \ Q2Z may be built from 
(2/ + 2) m - (2/) m translated copies of Qi, we obtain for Z G N 

/ \ 



E 



y a:*eQ 2(! + 1) \Q 2i J 



mcCg n) ((2/ + 2)m _ (2/)m) 2 2m+l , m -l 

(m G x mH)T(l) (m G x m H )j(l) 



uniformly in s G W 1 . The first estimate uses uniformity in u. To check admissibility of /, let 
e > and ip G C c (M d ) be given. Fix n > no such that supp(v?) C B n . We have for I G N the 
estimate 

00 

j2\^+s)f(x*)\(i-i Q2l (x*))<\\ (p \\ 00 Yl i/&oi = iMi«E E 1/001 

a;GL i6(fl„-s)ni fc=; i6(B„- s )ni 

< II II \ ^ C 2m+l m G(B n ) um-1 _ r>\~* \ 

- \m\cc 2^ k m+a z (m G xm H )j{l) U 2^ k l+a> 
k — I k — / 

where absolute convergence of the sum is used for reordering. The last expression is a bound 
independent of s G R d . Now choose I G N such that the bound does not exceed e and set 
Q '■= Q2i- By Proposition 16.61 we have shown that / is admissible. □ 

According to Theorem 13.21 we obtain for the autocorrelation 



1 s m v(l)=f f(h)f(h-l*)dh, 



7 (mG x in u, ,_, 

compare |4U1 Thm. 9]. For the diffraction formula, consider the dual lattice (L)* of L, given 
by 

(L)* = {( 7) ij)eGx5: 7 (Z) • r](V) = 1 for all (I, I*) G L/X . 

As L is a closed subgroup of G x we infer that (L)* is a closed subgroup of G x H. By 
Pontryagin duality |14l Thm. 4.39], the group (L)* is, as a topological group, isomorphic to 
T, an isomorphism from T to (L)* being given by A 1— > (A o l, A o k) for A G T. Thus, (L)* is 
a discrete, cocompact subgroup of G x H. Set now to G x H = M d x R m with p = 5^, and 
use the canonical identification ~R n ~ 1", with n(x) = e 2mri ' x for ?] G M. n and 2; G M n . Then, 
Theorem 13.31 specialises to [101 Thm. 10]. 
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12. Injectivity of the factor map 

As discussed so far, a measure cut and project scheme (G, H, L, p) together with an admis- 
sible continuous function / yields a factor map p : T — ► Q{yi). In this section, we discuss 
conditions to ensure that this factor map is one-to-one, i.e., an isomorphism. 

First of all, note that injectivity of p can be destroyed both by properties of p and of /: 

Example. Let (G,H,L,p) be a measure cut and project scheme and p := mc x rriH- Let / 
be admissible and continuous. Then, = (j fdh)mo is independent of £ S T, as can be 
seen by a direct calculation. 

Example. Let (G,H,L,p) be a measure cut and project scheme. Let / be admissible and 
continuous with /(• — u) = f for some Then, = /x(£ + [0, u}) for every £ € T, and 

p is not injective. 

Our aim in this section is to prove the following theorem. 

Theorem 12.1. Let a cut and project scheme (G,H,L) be given and f be admissible with 
respect to 5^. Let p be an L-invariant measure. If 

• pr(\) 7^ for every A 6 T, 

• / does not have a nontrivial period, i.e., /(■ — u) ^ f for every 

then the map p associated to (G, H, L, p) is one-to-one (and thus an isomorphism). 

Remark, (a) Recall that admissibility of / with respect to 5-^ implies admissibility of / with 
respect to p, as shown in Lemma lfi.91 

(b) Note that the first condition is satisfied for p = 8j. In this case pj(X) = 1 for every A G T. 

(c) The condition that / has no periods also appears in the context of the usual cut and 
project schemes, where / is a characteristic function. There it is used to obtain a map from 
Q to T (see 1421 15]). In some sense our aim is similar. We use this condition to prove injectivity 
of the map T — ► fl, which then also implies existence of a map from Q to T. 

The proof will be given at the end of this section after a series of intermediate results. We 
start by considering the case p = 5^. 

Lemma 12.1. Let a measure cut and project scheme [G, H, L, p) be given with p = 5^. If f 
is continuous and admissible and does not have a nontrivial period, then p is injective. 

Proof. As p is a group homomorphism by Theorem I3.1[ it suffices to show that p(0) = p(rj) 
implies rj = 0. Let rj = [(q,p)] be given with p(0) = p{rj). Thus, 

(is) y, f^= E 

(l,l*)eZ (l,l*)eL 

As L* is dense in H and / is continuous and does not vanish identically, there exists I* € L* 
with f(l*) 7^ 0. Then, ()15j) implies that there exists I' 6 L with 

l = l' + q, 

and we infer that q = I — I' G L. Then, Q15|) gives that 

/(**) = /(**- 3* +P) 
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for all I G L. As L* is dense in H and / is continuous, we obtain that p — q* is a period of /. 
By assumption, all periods of / are trivial, and we obtain p = q* and therefore 

ri = [(q,P)} = [(?,?*)] = 0. 
This finishes the proof. □ 

Proposition 12.2. Let a measure cut and project scheme (G, H, L, p) and an admissible 
continuous f : H — > C be given. Let p : T — > ^{ v f) be the associated factor map. Let 
(p G C C (G) be arbitrary and define p v : T — > C, £ i— > //(£)(<£>). Then 

p%(X) = (p(X o t) /(A o K ) p(-X). 

Proof. Let Z C G x H be & fundamental cell of L. Then G x H = L + Z . For A G T we can 
then calculate ju^(A) as follows: 



A(M) 



A(M]) 



/v( A ) = /_(A,£K(£)d£ 

/ ip(s + t)f(k + h)dp(t,h) ) dsd/c 
JgxH J 

J <p(s + l + t)f(k + l* + h)dp(t,h) \ dsdk 

l,l*)eL Z ) 

(Fubini) = Jx{[t,h])l J + l + t)f{k + I* + h)X([s, k])X([t, h]) dsdk j dp(t, h) 

= [ K[t,h})( [ <p(s + t)f(k + h)X([s + t,h + k))dsdk J dp(t, h) 

JZ \JgxH J 



X([t, h)) / y(a)/(fc)A([«, fc]) dsdfc dp(t, /i) 

\JGxH / 

X([t,h]){p(XoL)f(Xo K ) dp(t,h) 

= (f(Xo i) f(Xo K )p(-X). 

This finishes the proof. □ 

We now come to the proof of injectivity. 

Proof of Theorem \12.1\ The proof of the general case will be reduced to the case treated 
in Lemma 112.11 We want to show injectivity of the group homomorphism p associated to 
/ and {G, H, L, p). We will need as well the group homomorphism pP associated to / and 
(G, H, L,5r). (Recall that / is admissible with respect to 8-^ by assumption.) 

If p is not injective, there exists by Theorem 13 .11 an r\ ^ with /u(£ + rf) = /i(£) for all £ G T. 
Thus, p v : T — > C, £ i— > /x(£)(y>) satisfies /i^,(£ + rj) = %,(£) for all £ G T and <p G C C (G). 
Taking Fourier transforms and using the previous proposition, we obtain 

(A, rj)(p{X o l) /(A o K ) p(-X) = (p(X o i) /(A o k) p{-X) 
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for all A € T. As p(-X) ^ for all A G f , this implies 

(A, ri)<p{\ o l) /(A o k) = <p(\ o l) /(A o k) 

for all A G T. This, however, means that (n, A)/U° (A) = /x° (A) for all A G T, with : T — > C 
given by = ^P{^){^p). Taking the inverse Fourier transform, we obtain 

<(£ + r?)=/4(£) 
for all £ £ T. As 99 G C C (G) is arbitrary, this gives 

M°(e+»?)=M (o 

for all ^ £ T. Now, /i° is just the map treated in Lemma ll2.il where its injectivity is shown. 
Thus, we obtain r\ = 0, and the proof is finished. □ 



13. A COMPLEMENTARY RESULT 

Let us shortly compare our results to the corresponding results for the "usual" model sets. 
In our notation this case can be described as follows (see Section ^2 as well): Let (G,H,L) 
be a cut and project scheme and consider the measure 

P'- =5 l = J2 S x 

on G x H. Now, let xw be the characteristic function of a compact set W C H, which is 
the closure of its interior and whose boundary has Haar measure 0. Then, we can form u Xw 
exactly as above. This measure has the form Yu X eX(W)^ x the uniformly discrete set 
X(W) := {x £ L : x* £ W} C G. Identifying the measure v Xw with the uniformly discrete 
set A iyV) in G, we can apply results of Schlottmann |42j to obtain a factor map 

# : fi(„ XH ,) — T 

This map is 1 : 1-almost everywhere, i.e. there exists a set To of Haar measure zero in T such 
that (p is one-to-one on <? _1 (T \ To). It turns out that <& is indeed not injective if v Xw is not 
periodic. More precisely, the following is proved in 0. 

Theorem. Let v Xw and be given as in the preceding paragraph. Then, is injective if and 
only if ' v Xw is crystallographic, i.e. the set {t € G : cetv Xw = ^xw\ ^ s a cocompact discrete 
subgroup of G. 

This theorem has the following consequence. 

Corollary 13.1. Let the notation be as in the preceding theorem. If v Xw is not crystallo- 
graphic, then (Q(v Xw ),a) is not a factor of (T,/3). 

Proof. Assume the contrary. Then, there exists a factor map 

tp:T — ► M{v xw ). 

Thus, $otp : T — > T is a factor map as well. With the canonical homomorphism 1 : G — ► T, 
i(t) = [t,0] and the definition of (3 we therefore obtain 

(#o^)(t(-i)) = (#oV)(A[0,0]) = ft(#oVO([0,0]) = <-i)+(#o^)([0,0]) = (*o^)([0,0])+i(-t), 
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where we write + to denote the product in T. As t(G) is dense in T and (^o!/>) is continuous, 
we infer 

(<Po</0(£) = (<Po^)([0,0])+£ 
for every £ G T. In particular, (<? o ip) is injective as it is just translation by o ^)([0, 0]). 

On the other hand, by the previous Theorem, <P is not injective as v Xw is not crystallo- 
graphic. As tp is a factor map, it is onto. Therefore, non-injectivity of <P leads to non-injectivity 
of <P o if). This contradiction shows that {Q{u Xw ), a) is not a factor of (T, (3). □ 

The corollary shows that our main result does indeed crucially depend on the smoothness 
of the weight function /, as it becomes false for characteristic functions of compact sets. In 
some sense, the dynamical systems associated with continuous weight functions are closer to 
periodic systems than to model set systems. 
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